Topological (Bi-)Simulation  by Cuijpers, P.J.L. & Reniers, M.A.
Topological (Bi-)Simulation
P.J.L. Cuijpers1 ,2 M.A. Reniers3
Department of Mathematics and Computer Science
Technische Universiteit Eindhoven (TU/e)
Eindhoven, The Netherlands
Abstract
In this paper, we reason that simulation and bisimulation are not adequate in the context of hybrid
systems as they are only capable of comparing states that are reachable in a ﬁnite number of tran-
sitions. To solve this problem we extend labelled transition systems with a topology on the state
space. We deﬁne topological versions of simulation and bisimulation that are also capable of com-
paring accumulation states of inﬁnite sequences of transitions. We show that for transition systems
with an indiscrete topology, topological (bi-)simulation and standard (bi-)simulation coincide. A
similar result is obtained for ﬁnite transition systems with a discrete topology.
Keywords: Labelled transition system, (bi-)simulation, topology, accumulation, topological
(bi-)simulation.
1 Introduction
The semantics of many of the techniques used in computer science rely on
labelled transition systems, structures containing a set of objects representing
the physical state of a system (hence the objects are called states), and labelled
transitions, representing the behavior that brings a system from one state into
another.
Since the work of van Glabbeek [11] there is a general agreement within
computer science that bisimulation [18,16] is the strongest notion of equiv-
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alence of interest on labelled transition systems. However, for example in
the ﬁeld of hybrid systems the need is felt for a stronger kind of equivalence
than bisimulation. There, the problem of Zeno-behavior (an inﬁnite number
of events occurring in a ﬁnite time interval [20,6,3,13], also called supertask
in philosophy [19,22]), gives rise to labelled transition systems that are con-
sidered diﬀerent, but cannot be distinguished using bisimulation.
Although there is philosophical debate about the existence of Zeno-behavior
in reality, there are some reasons why such a phenomenon arises in the mod-
elling of hybrid systems. Next, we explain two such reasons by means of small
examples taken, in both cases, from [13].
Zeno-behavior typically arises from modelling abstractions employed for
the purpose of simpliﬁcation of modelling hybrid systems. A simple example
is the bouncing ball. A ball bounces on a surface elastically, with each bounce
losing a fraction of its energy. In a simple model of such a bouncing ball,
one might wish to abstract from the dynamics in case of a bounce of the ball
on the surface and simply model it as a discrete event. As it turns out, in a
ﬁnite amount of time, an inﬁnite amount of bounces occur. Hence, the simple
bouncing ball model employs Zeno-behavior.
Zeno-behavior also arises in models of hybrid systems as a result of apply-
ing certain control policies. This phenomenon is often referred to as inﬁnitely
fast switching between control modes. In [13] the example of the water tank
system is given. The water tank system consists of two water tanks (see Fig-
ure 1). Water ﬂows out each of these tanks with some constant rate (v1 and
v2 respectively). At each moment, water ﬂows into one (and precisely one)
of the tanks with rate w. The objective is to keep the water volumes (x1
and x2 respectively) of the water tanks above some speciﬁed levels (r1 and
r2 respectively). This is achieved by switching the inﬂow between the tanks
at appropriate times: whenever x1 ≤ r1 the inﬂow is switched to tank 1 and
whenever x2 ≤ r2 the inﬂow is switched to tank 2. If the inﬂow is bigger than
each of the outﬂows (w > v1 and w > v2) and smaller than the sum of the
outﬂows (w < v1 + v2), the system shows inﬁnitely fast switching. This form
of Zeno-behavior occurs frequently in models of hybrid systems due to the ap-
plication of control policies such as chattering and relaxed control. Again, the
Zeno-behavior is the consequence of a well-considered simpliﬁcation of reality.
In many formalisms (such as hybrid automata [12]), the Zeno-behaviors
that result from such modelling simpliﬁcations are neglected. It is not al-
ways clear what the implications are with respect to analysis and veriﬁcation
steps performed on such models especially in cases where properties are ana-
lyzed/veriﬁed that depend on the notion of reachability of states.
Bisimulation only regards a single transition at a time and is not capable of






Fig. 1. Water tank system.
Fig. 2. Bisimilar labelled transition systems.
distinguishing between inﬁnitely long sequences. For example, the sequences
shown in Figure 2 are considered bisimilar. To be able to handle Zeno- and
other kinds of inﬁnite behavior, we need to deﬁne to which (set of) states an
inﬁnitely long sequence of states leads. This is possible in a natural way if
a topological structure on the state space of the labelled transition system
is given. Topology is a ﬁeld of mathematics in which general deﬁnitions of
accumulation of sequences have been developed (see e.g. [9,10]).
In this paper, we consider labelled transition systems where the state space
is structured using a topology. Then, we deﬁne topological simulation and
topological bisimulation. These notions extend the traditional ones by con-
sidering not only single steps but arbitrary long (accumulating) sequences of
steps in the transfer (zig-zag) conditions. We prove that these notions are a
pre-order and an equivalence respectively and that they are stronger than the
non-topological notions. We also prove that they are invariant under isomor-
phism.
We study two speciﬁc topologies in more detail, viz. the indiscrete topology
and the discrete topology. It turns out that for labelled transition systems
with the indiscrete topology, (bi-)simulation and topological (bi-)simulation
coincide under certain conditions. Also, for the discrete topology, the notions
coincide provided that the state spaces are ﬁnite. The proofs that are omitted
can be found in [5].
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2 Preliminaries
In this section, we introduce some basic deﬁnitions and facts with respect to
topology. Furthermore, we present the deﬁnition of the well-known notion
of (bi-)simulation on labelled transition systems, but, for ease of comparison
with the topological notions deﬁned in the following section, already equipped
with a topology (that is however not used yet).
2.1 Topology
Given a set X, a topology T ⊆ 2X is a way of adding structure to this
set. Roughly speaking, a topology deﬁnes which points U ⊆ X are in the
neighborhood of a point x ∈ U . In literature from the ﬁeld of computer
science, structure on sets is usually added by giving a metric. In [6,14,13],
this metric is deﬁned on the state space, while [2,4] use a metric to deﬁne
structure on the labels. This was, to our knowledge, never used with respect
to bisimulation equivalence. Note that giving a metric on a set is only one way
of inducing a topology. Alternatively, for example, a complete partial order
gives rise to a topology as well [10,17]. The following deﬁnitions are taken
from [9].
Deﬁnition 2.1 Let X be a set, then T ⊆ 2X is a topology on X if and only
if ∅ ∈ T , X ∈ T , every ﬁnite intersection of elements of T is again an element
of T , and every arbitrary union of elements of T is again an element of T .
The elements of T are called open sets. An open set U ∈ T containing
x ∈ U is called a neighborhood of x. The pair (X, T ) is called a topological
space. Two special topologies are the indiscrete topology TI(X) = {∅, X}
and the discrete topology TD(X) = 2
X . They prove useful later on. As an
example, the usual topology on the real numbers R is the arbitrary union of
all the sets {x ∈ R | x− < x < x+ with x−, x+ ∈ R} (i.e. the arbitrary union
of open intervals (x−, x+)).
Deﬁnition 2.2 Let (X, T ) be a topological structure. A set B ⊆ T is a basis
for T if and only if each non-empty element of T is the union of elements of
B.
In Section 3, we use the concept of accumulation to expand the notion of
bisimulation with.
Deﬁnition 2.3 Let (X, T ) be a topological space, and x : N → X a sequence
over X. This sequence x accumulates at y ∈ X according to the topology T ,
denoted x
T
 y, if and only if for all neighborhoods U of y (y ∈ U ∈ T ) and
all l ∈ dom(x) there exists m ∈ dom(x) such that l ≤ m and x(m) ∈ U .
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Note that a sequence may accumulate in multiple accumulation points.
Furthermore, a ﬁnite sequence accumulates at least at its endpoint.
Deﬁnition 2.4 Let (X, T ) and (X ′, T ′) be topological spaces. A mapping
f : X → X ′ is continuous if and only if f−1(U ′) ∈ T for each U ′ ∈ T ′. The
inverse image f−1 : 2X
′ → 2X of f is for all V ′ ∈ 2X′ deﬁned as f−1(V ′) =
{v ∈ X | f(v) ∈ V ′}.
In this paper, for functions f : Y → Z and g : X → Y , the function
composition f ◦ g : X → Z is deﬁned as (f ◦ g)(x) = f(g(x)) for all x ∈ X.
Lemma 2.5 Let (X, T ) and (X ′, T ′) be arbitrary topological spaces and let
f : X → X ′ be an arbitrary continuous mapping. For any sequence x over X,
and any xω ∈ X: if x
T
 xω, then f ◦ x
T ′
 f(xω).
Proof. Suppose that x
T
 xω. We have to prove that f ◦ x
T ′
 f(xω). Let
U ′ ∈ T ′ be an arbitrary neighborhood of f(xω) and let l ∈ dom(f ◦x). Since f
is a continuous mapping between the topological spaces, we have the existence
of a neighborhood f−1(U ′) ∈ T of xω. Furthermore, by deﬁnition, we have
that dom(x) = dom(f ◦ x). From x T xω we then have that there exists
m ∈ dom(x) such that l ≤ m and x(m) ∈ f−1(U ′). Then, there also exists
m ∈ dom(f ◦ x) such that l ≤ m and (f ◦ x)(m) ∈ f(f−1(U ′)). 
2.2 Labelled Transition Systems and (Bi-)Simulation
Deﬁnition 2.6 A labelled transition system is a tuple 〈(X, T ),Σ, → 〉, where
(X, T ) is a topological state space, Σ is the set of labels describing behaviors,
and → ⊆ X ×Σ×X is the transition relation. As an abbreviation we write
x
σ→ y for (x, σ, y) ∈ → .
In the remainder, we assume that M , M1, and M2 are the labelled tran-
sition systems 〈(X, T ),Σ, → 〉, 〈(X1, T1),Σ, →1 〉 and 〈(X2, T2),Σ, →2 〉, re-
spectively.
Traditionally, states from labelled transition systems may be compared
using simulation and bisimulation. A state x from some labelled transition
system is said to be simulated by a state y from another labelled transition
system, if the branching structure and the behavior of x can be mimicked by
y. The inductive structure of the deﬁnition makes sure that all ﬁnite runs are
considered, although only single steps are compared.
Deﬁnition 2.7 A binary relation R ⊆ X1 ×X2 is a simulation if and only if
for all x1 ∈ X1 and x2 ∈ X2 such that x1Rx2
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• if x1
σ→1 x′1 for some σ ∈ Σ and x′1 ∈ X1, then there exists x′2 ∈ X2 such
that x2
σ→2 x′2 and x′1Rx′2.
A state x1 ∈ X1 of M1 is simulated by a state x2 ∈ X2 of M2, denoted
M1, x1  M2, x2, if and only if there exists a simulation R ⊆ X1 × X2 such
that x1Rx2.
Two states x1 ∈ X1 of M1 and x2 ∈ X2 of M2 are bisimilar, denoted
M1, x1 ↔ M2, x2, if and only if there exists a binary relation R ⊆ X1 × X2
such that x1Rx2 and both R and R−1 are simulations.
Simulation is a pre-order and bisimulation is an equivalence on the states
of a system (see [11]). These notions can be lifted from states to systems as
follows.
Deﬁnition 2.8 The labelled transition system M1 is simulated by the labelled
transition system M2 if and only if for any state x1 ∈ X1 there is a state
x2 ∈ X2 such that M1, x1  M2, x2. The labelled transition system M1 is
bisimilar to the labelled transition system M2 if and only if for any state
x1 ∈ X1 there is a state x2 ∈ X2 such that M1, x1 ↔ M2, x2, and vice versa,
for any state x2 ∈ X2 there is a state x1 ∈ X1 such that M1, x1 ↔ M2, x2.
Often, when comparing diﬀerent systems, also sets of initial states I1 and
I2 are given. In such a case, we say that M1 is simulated by M2 if and only if
every initial state in I1 is simulated by an initial state in I2. In the remainder
of this article, we do not consider initial states.
3 Topological Bisimulation
Recall that bisimulation is a way of comparing states of labelled transition
systems by looking at the branching structure and the possible behavioral
sequences. The formal deﬁnition of bisimulation regards two subsequent states
and the label describing the behavior that accomplishes a transition from
the ﬁrst state into the second. Because this deﬁnition only compares single
transitions at a time, ﬁnite sequences of labels and states are compared as
well, but inﬁnite sequences are not. The transitions in a labelled transition
system give rise to sequences of states and labels, called runs.
Deﬁnition 3.1 A run of M is a pair (x, σ) of sequences x : N → X and
σ : N → Σ such that
• either dom(x) = dom(σ) = N (for inﬁnite runs), or dom(x) = [0, N + 1)
and dom(σ) = [0, N) for some N ∈ N (for ﬁnite runs), and
• for all n ∈ dom(σ): x(n) σ(n)→ x(n + 1).
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r1(0) r1(1) r1(2) r1(n) y1
r2(0) r2(1) r2(2) r2(n) y2
σ(0) σ(1)
σ(0) σ(1)
σ(2) · · · σ(n) · · ·
σ(2) · · · σ(n) · · ·
R R R R R
Fig. 3. Visualization of topological (bi-)simulation.
The length of a run (x, σ) is the cardinality of the domain of σ.
Topology was introduced as a structuring mechanism on the state space in
order to deﬁne the states where an inﬁnite run accumulates. Next, we present
topological versions of simulation and bisimulation that require that also the
inﬁnite behavior of the transition systems is taken into account by comparing
the accumulation points of inﬁnite runs.
Deﬁnition 3.2 A binary relation R ⊆ X1 ×X2 is a topological simulation if
and only if for all x1 ∈ X1 and x2 ∈ X2 such that x1Rx2
• for all runs (r1, σ) of M1 and for all y1 ∈ X1 such that r1(0) = x1: if
r1
T1 y1, then there exists a run (r2, σ) of M2 and there exists y2 ∈ X2 such
that r2(0) = x2, r2
T2 y2, y1Ry2, and r1(n)Rr2(n) for all n ∈ dom(r1).
A state x1 ∈ X1 of M1 is topologically simulated by a state x2 ∈ X2 of M2,
denoted M1, x1 top M2, x2, if and only if there exists a topological simulation
R ⊆ X1 ×X2 such that x1Rx2.
Two states x1 ∈ X1 of M1 and x2 ∈ X2 of M2 are topologically bisimilar ,
denoted M1, x1 ↔top M2, x2, if and only if there exists a binary relation R ⊆
X1 ×X2 such that x1Rx2 and both R and R−1 are topological simulations.
Observe that besides the accumulation point of the inﬁnite runs also all
intermediate states need to be related (see Figure 3). Since runs of length
1 are considered in the deﬁnition of topological (bi-)simulation, topological
(bi-)simulation is a stronger notion than (bi-)simulation, which is proven in
the next section.
To illustrate the usefulness of topological bisimulation we now consider
again the example of the bouncing ball. The labelled transition systems in
Figure 4, represent two versions of the bouncing ball. In these transition
systems the state space consists of the non-negative reals (representing for
example the energy of the ball) with the normal topology on those. The label
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Fig. 4. Labelled transition systems for bouncing balls.
b represents a bounce of the ball on the ground and the label k represents the
ball being kicked up again. In the upper labelled transition system, once the
ball comes to a rest, it is kicked up so that it starts bouncing again. In the
lower labelled transition system, the ball is not kicked. The result is that no
more actions occur. With respect to bisimulation, these transition systems are
equivalent as the state where the diﬀerence occurs, is not reachable in a ﬁnite
number of transitions. Our intuition about such a bouncing ball however
is that we actually observe a diﬀerence between these two models. Using
our notion of topological bisimulation, the diﬀerence between these labelled
transition systems becomes manifest.
4 Properties
In this section, we give a number of properties of topological simulation and
topological bisimulation. We start with proving that these notions are a pre-
order and an equivalence respectively. Then, we discuss the relation between
the non-topological and topological notions. We show that the topological
notions are stronger than the non-topological ones. Finally, we show that the
notions are indeed topological [9], i.e., invariant under isomorphism.
Theorem 4.1 Topological simulation (top) is a pre-order. Topological bisim-
ulation (↔top) is an equivalence.
Next, we study the relations between the standard notions of simulation
and bisimulation and their topological counterparts. As it turns out, the
topological versions are stronger than the standard ones.
Theorem 4.2 top⊆ and ↔top⊆↔.
On topological spaces the notion of isomorphism is deﬁned in order to cap-
ture that the spaces have a corresponding structure. We show that topological
simulation and topological bisimulation are topologically invariant.
Deﬁnition 4.3 A mapping f : X1 → X2 is a transition morphism if and only
if for all x1, x
′
1 ∈ X1 and σ ∈ Σ: if x1 σ→1 x′1, then f(x1) σ→2 f(x′1).
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Deﬁnition 4.4 [Isomorphism] The labelled transition systems M1 and M2
are isomorphic if and only if there exists a bijective mapping f : X1 → X2
such that both f and f−1 are continuous transition morphisms. Sometimes,
we call such labelled transition systems f -isomorphic.
Lemma 4.5 Let f : X1 → X2 be a transition morphism. For any run (r, σ)
of M1, (f ◦ r, σ) is a run of M2.
Theorem 4.6 Let f : X1 → X2 be a continuous transition morphism. Then,
M1, x1 top M2, f(x1) for all x1 ∈ X1.
Proof. Deﬁne R = {(x1, f(x1)) | x1 ∈ X1}. We prove that R is a topological
simulation. Thereto, consider an arbitrary pair (x1, f(x1)) ∈ R. Let (r, σ) be
an arbitrary run of M1 such that r(0) = x1. Let y ∈ X1 such that r
T1 y.
From the fact that (r, σ) is a run of M1 and the fact that f is a transition
morphism, we obtain, by Lemma 4.5, that (f ◦ r, σ) is a run of M2. Moreover
(f ◦ r)(0) = f(r(0)) = f(x1). From the fact that r
T1 y and the fact that
f is continuous, we obtain, by Lemma 2.5, that f ◦ r T2 f(y). Note that by
deﬁnition yRf(y) and r(n)Rf(r(n)) for all n ∈ dom(r). This proves that R
is a topological simulation. 
Theorem 4.7 For any two f -isomorphic M1 and M2 and any state x1 ∈ X1
we have M1, x1 ↔top M2, f(x1).
Proof. As f : X1 → X2 is a continuous transition morphism, we have that
R = {(x1, f(x1)) | x1 ∈ X1} is a topological simulation as is proven in the
proof of the previous theorem. Similarly, as f−1 : X2 → X1 is a continu-
ous transition morphism, we have that S = {(x2, f−1(x2)) | x2 ∈ X2} is a
topological simulation. As S = R−1, R is a topological bisimulation. 
5 Extreme Topologies
In the previous section, we have seen that the topological notions of simu-
lation and bisimulation are stronger than their non-topological counterparts.
An interesting question is whether there are topologies for which the notions
coincide. We investigate this question for both the indiscrete and the discrete
topology.
5.1 Indiscrete Topology
We show that for labelled transition systems with indiscrete topologies, called
indiscrete labelled transition systems, the topological and non-topological no-
tions of (bi-)simulation coincide provided that, non-topologically speaking,
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each state has a (bi-)similar state in the other labelled transition system. The
reason for these provisions is that by moving from normal (bi-)simulation
to topological bisimulation, some states become relevant (the accumulation
points) that might not have been relevant in the non-topological setting. We
require that for such states at least there is a related state in the other la-
belled transition system. This is captured by the notions of simulation and
bisimulation on labelled transition systems as given in Deﬁnition 2.8.
Theorem 5.1 For indiscrete M1 and M2 such that M1 is simulated by M2, we
have that for any x1 ∈ X1 and x2 ∈ X2: if M1, x1  M2, x2, then M1, x1 top
M2, x2.
Proof. We prove that R′ = {(y1, y2) ∈ X1 ×X2 |M1, y1 M2, y2} is a topo-
logical simulation with x1R′x2. Note that R′ is a simulation. Now, consider
arbitrary y1 ∈ X1 and y2 ∈ X2 such that y1R′y2. Let (r1, σ) be a run of M1
and z1 ∈ X1 such that r1(0) = y1. Suppose that r1
T1 z1. Now, we have to
prove the existence of a run (r2, σ) of M2 and z2 ∈ X2 such that r2(0) = y2,
r2
T2 z2, z1R′z2, and r1(n)R′r2(n) for all n ∈ dom(r1). From y1R′y2 and the
fact that R′ is a simulation, we obtain the existence of a run (r2, σ) such that
r2(0) = y2 and r1(n)R′ r2(n) for all n ∈ dom(r1). Furthermore, a special prop-
erty of T1 is that every sequence accumulates to every point in X1. Because
M1 is simulated by M2 we have the existence of a z2 ∈ X2 such that z1R′z2.
The indiscrete topology on X2 then guarantees that r2
T2 z2. This concludes
the proof. 
Theorem 5.2 For indiscrete M1 and M2 such that M1 is bisimilar to M2, and
for any x1 ∈ X1 and x2 ∈ X2: if M1, x1 ↔ M2, x2, then M1, x1 ↔top M2, x2.
As a direct consequence of the previous two theorems and Theorem 4.2, we
have that for indiscrete labelled transition systems, the non-topological and
topological notions coincide (of course with the same provisions).
5.2 Discrete Topology
In this section, we consider labelled transition systems where the state space is
structured by a discrete topology, hence the name discrete labelled transition
systems. For discrete labelled transition systems, we do not have that the non-
topological and topological notions coincide! Consider the labelled transition
system and the relation R on the states of the labelled transition system given
in Figure 5.
The relationR = {(1, n), (n, 1) | n ∈ N∧n > 1}, as depicted (suggestively)
in the ﬁgure, is a witness for the following non-topological facts:
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Fig. 5. A labelled transition system.
• state 1 is simulated by state 2, i.e., 1  2;
• state 2 is simulated by state 1, i.e., 2  1;
• the states 1 and 2 are bisimilar, i.e., 1 ↔ 2.
Note that the bisimilarity of states 1 and 2 does not follow immediately from
the simulations 1  2 and 2  1 because for bisimilarity the relation witnessing
the simulations have to be each others inverse. The weaker equivalence 
∩ −1 is called similarity in the literature [11] and it does not have this
requirement.
Observe that we are now comparing states from the same labelled tran-
sition system. Hence, there can be no misunderstanding about the labelled
transition system from which the states originate. Hence, we omit the labelled
transition system from the notations.
Now, consider the topological notions under the assumption that the state
space X of this labelled transition system is structured by means of the discrete
topology TD(X) = 2
X . State 2 is still simulated by state 1: 2 top 1. This is
due to the following observations. State 2 has no inﬁnite runs that accumulate.
Hence, the inﬁnite run does not have to be mimicked by such a run from state
1. In this setting, however, state 1 is not simulated by state 2: 1 top 2.
State 1 has an inﬁnite run that accumulates in state 1. Hence, state 2 should
also have such a run and moreover it should accumulate in a state related
to state 1. However, the run from state 2 does not accumulate at all. The
same observations lead to the conclusion that state 1 and state 2 are not
topologically bisimilar: 1 top 2.
Traditionally, in computer science, systems are assumed to be discrete and
ﬁnite. Above we have shown that the assumption that the state spaces are
structured by means of the discrete topology is not suﬃcient for concluding
that the topological and non-topological notions coincide. Based on this, the
reader might be tempted to believe that for labelled transition systems with
a ﬁnite state space and an arbitrary topology, the non-topological and topo-
logical notions coincide. Again, this is not the case. Consider the labelled







Fig. 6. Labelled transition system with a ﬁnite state space.
transition system depicted in Figure 6. The state space of this labelled tran-
sition system is ﬁnite: X = {1, 2, 3, 4, 5, 6}. Considering the non-topological
notions, we observe that the states 2 and 3 simulate each other and are bisim-
ilar.
Assume that the topology on this state space is given by the basis
B = {{1, 2}, {3, 4}, {5}, {6}}.
The open sets from this basis with more than one element are clustered in
the ﬁgure. Now, due to the topological structure imposed on the state space,
there is an inﬁnite run (x, σ) with, for n ∈ N, x(n) = 2 and σ(n) = a that
accumulates in state 1. In order for state 2 to be topologically simulated by
state 3, this must mean that there is also an inﬁnite run (y, σ) with y(0) = 3
that accumulates in a state that is related to state 1. The only candidates
for this accumulation are the states 3 and 4. But, neither of these can be
related to state 1, as state 1 can execute the action b and states 3 and 4
cannot. A similar reasoning shows that state 3 cannot be simulated by state
2. Therefore, we have 2 top 3 and 3 top 2. As a consequence, the states are
also not topologically bisimilar.
If the state space of a discrete labelled transition system is ﬁnite, however,
the notions of (bi-)simulation and topological (bi-)simulation coincide.
Theorem 5.3 For discrete M1 and ﬁnite M2, we have that for all x1 ∈ X1
and x2 ∈ X2: M1, x1 top M2, x2 if and only if M1, x1 M2, x2.
Proof. The proof that the topological simulation implies the ordinary simu-
lation follows from Theorem 4.2. It suﬃces to prove that ordinary simulation
implies topological simulation. Suppose that M1, x1  M2, x2 is witnessed by
the simulation R. We prove that R is also a topological simulation. Thereto,
let (r, σ) be a run of M1 with r(0) = x1 and let y ∈ X. Suppose that r
T1 y.
Let, for all n ∈ dom(σ), σn : N → Σ be deﬁned by σn(k) = σ(k) for all k < n,
and undeﬁned otherwise. Hence, dom( σn) = [0, n).
First, we show, by induction on the natural number n, that there exists
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a run (rn, σn) of M2 of length n with rn(0) = x2 such that for all k ≤ n we
have r(n)Rrn(n). For n = 0, we need to prove r(0)Rr0(0). Using r(0) = x1,
r0(0) = x2, and x1Rx2, this follows immediately. Now, suppose there exists a
run (rn, σn) such that rn(0) = x2 and r(k)Rrn(k) for all k ≤ n (the induction
hypothesis). As r(n)Rrn(n), r(n) σ(n)→ r(n + 1) and R is a simulation relation
we have the existence of z ∈ X2 such that rn(n) σ(n)→ z and r(n+1)Rz. Deﬁne
rn+1 by rn+1(i) = rn(i) for all i ≤ n, rn+1(n+1) = z, and undeﬁned otherwise.
Then we have the existence of a run ( rn+1, σn+1) of M2 such that r(k)R rn+1(k)
for all k ≤ n + 1.
All that remains to be proven is the existence of an accumulation point
z ∈ X2 such that y
T2 z and yRz. Obviously, under the discrete topology,
if y is ﬁnite, the last element is the accumulation point. On the other hand,
if y is inﬁnite, then, using the facts that r
T1 y and that T1 is the discrete
topology, we ﬁnd that y itself occurs inﬁnitely often in r. Furthermore, each
of those occurrences is bisimilar to the corresponding position in the sequence
y. As there are only ﬁnitely many diﬀerent states, at least one of the states
bisimilar to y occurs inﬁnitely often. Hence, it is an accumulation point, say
z, which obviously satisﬁes yRz. 
Theorem 5.4 For discrete and ﬁnite M1 and M2, we have that for all x1 ∈ X1
and x2 ∈ X2: M1, x1 ↔top M2, x2 if and only if M1, x1 ↔ M2, x2.
Proof. The theorem follows immediately from the previous theorem. 
6 Conclusive remarks
We may conclude that the general agreement, that bisimulation is the strongest
notion of equivalence of interest on labelled transition systems, common since
the work of van Glabbeek [11], holds, as long as there is no topological struc-
ture on the state space. When phenomena like Zeno-behavior in hybrid sys-
tems are a reason to introduce and study accumulation points of sequences,
a topological structure on the state space is a prerequisite. Choosing such a
topology is a creative process, although it is often guided by knowledge of the
application domain. In this paper, we have given deﬁnitions of topological
simulation and bisimulation to answer this need. Amongst others, we have
shown that a discrete topology results in the normal bisimulation for ﬁnite
state spaces, while other topologies make it possible to diﬀerentiate between
inﬁnite behaviors, like Zeno-behavior.
The notion of topological bisimulation considered in this paper is only
capable of discriminating labelled transition systems based on ﬁrst-order ac-
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cumulation points. In [7], a reformulation of topological (bi-)simulation is
presented that also deals with higher-order accumulation points. A crucial
diﬀerence between that research and the research presented in this paper is
that in [7] the concept of a run (over natural numbers) is replaced by the
concept of a hybrid run (over ordinal numbers).
The type of labelled transition systems considered in this paper is rather
limited. In the literature, labelled transition systems not only have a transition
relation but also one or more predicates are deﬁned on the state space to indi-
cate, for example, initial and ﬁnal states. Future research may be concerned
with how to deal with predicates on labelled transition systems in general.
Bu¨chi automata and other types of automata on inﬁnite words [15] are
usually equipped with one or more acceptance sets and a more sophisticated
notion of acceptance of inﬁnite words. We conjecture that, neglecting the fact
that Bu¨chi automata only consider inﬁnite words, a topology can be used to
encode the acceptance set in Bu¨chi automata. The Bu¨chi acceptance set then
forms the basis of the topology. Topological bisimulation in itself captures
the inﬁnite aspects of Bu¨chi automata. It is a stronger notion than language
equivalence for inﬁnite words. Further research is needed to substantiate those
claims.
Related Work
In the literature from the ﬁeld of computer science, structure on sets is
usually added by giving a metric. In [6,14,13], this metric is deﬁned on the
state space, while [2,4] use a metric to deﬁne structure on the labels. Fur-
thermore, this was, to our knowledge, never used with respect to bisimulation
equivalence.
In [4], both the state space and the label space are endowed with metrics.
The purpose is in proving operational models deﬁned in terms of labelled
transition systems equal to denotational semantics.
In [8], bisimulation is characterized using a speciﬁc (Alexandroﬀ) topology
as continuity of the transition relation. In other words, the author shows that
the Alexandroﬀ topology as a structure ﬁts normal bisimulation. We, on the
other hand, adapt the notion of bisimulation to take the topological structure
of the state space into account.
In [1], the state space of a Kripke model for propositional modal logic
is extended with a topology. This topology deﬁnes the accessibility relation
between points in the model and hence deﬁnes the meaning of the modal
operators. Consequently, bisimulation is also deﬁned in terms of the open
sets of this topology. These open sets play the role of our transition relations,
rather than being an additional structure on the state space. The relation
P.J.L. Cuijpers, M.A. Reniers / Electronic Notes in Theoretical Computer Science 100 (2004) 49–6462
between their notion of bisimulation and our notion of topological bisimulation
is not clear yet.
In [21], also, a relation between transition systems and topology is studied.
Amongst others, a deﬁnition is given for the limit of a sequence of transition
systems. The strength of this work is that it allows for reasoning about ap-
proximate equality between systems. Still, this is a diﬀerent approach to limits
than the one we have chosen in this paper.
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